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Abstract
In the framework of the geometry of PDE’s, we classify variational equations of any order with respect
to their formal properties. Following our previous results [A. Prástaro, Quantized Partial Differential Equa-
tions, World Scientific, Singapore, 2004], we relate constrained variational PDE’s to their integral bordism
groups. In this way we are able to characterize global solutions of constrained variational PDE’s and to re-
late them to the structure of global solutions for the corresponding constraint equations. Some applications
are also considered.
© 2005 Elsevier Inc. All rights reserved.
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1. Preliminaries
In this second part we aim to characterize local and global solutions of constrained variational
problems. (For the first part see [17].) We shall solve such problems by using geometric tech-
niques. In particular global solutions will be characterized by means of integral bordism groups
of suitable PDE’s. We will follow the same lines given in Addendum II, in the monograph quoted
in [16], adding some new results, emphasizing the role played by singular and weak solutions.
(For complementary informations on the geometry of PDE’s and variational PDE’s, see, e.g., the
following references: [1–6,8,9,11,18,21,24].)
The paper is organized in two sections.
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For these define the concept of extremals, Euler–Lagrange extremals and Cartan extremals. We
find conditions under which such extremals coincide. Particular attention is put on the case where
variational systems are implemented on PDE’s for sections of fiber bundles over n-dimensional
manifolds, or n-dimensional submanifolds of such bundles. Suitable equivalence relations are
introduced in the category of differential equations, to which correspond equivalence relations
on n-variational systems.
2. Variational systems constrained by means of PDE’s of submanifolds of fiber bundles, are
characterized by means of suitable cohomologies and integral bordism groups, obtaining a new
algebraic topological characterization of global solutions of variational problems. Some applica-
tions to important equations are considered too.
2. Variational PDE’s
We start by defining the meaning of category of differential equations and for such a category
we define variational systems, and obtain interesting equivalence relations of such systems. The
main result is Theorem 2.18 that relates extremals for two Cartan forms.
Definition 2.1. The category of differential equations, DE is defined by:
(i) X ∈ Ob(DE) iff X is a manifold supplied with a finite-dimensional distribution C(X)⊂ TX.
We set C dimX = dimC(X)= Cartan dimension of X;
(ii) f ∈ Hom(DE) iff it is a smooth map f :X → Y , X,Y ∈ Ob(DE), which conserves the
corresponding distributions: f∗ ≡ T (f ) :C(X) → C(Y ), f ∈ HomDE(X,Y ), C dimX =
n, C dimY = m, C rank(f ) = r = dim(T (f )x)(C(X)x), x ∈ X. (Thus the fibres f−1(y),
y ∈ im(f ) ⊂ Y , are (n − r)-Cartan dimensional objects of DE.) Isomorphisms of DE are
morphisms with fibres consisting of separate points.
A n-variational system in the category DE is a triplet (X, θ,C), where X ∈ Ob(DE) such that
C dimC(X) n, θ ∈Ωn(X) is a differential n-form on X, C ⊂Ω•(X) is the ideal of differential
forms on X associated to the distribution C(X) ⊂ TX. Let Sol(C(X)) be the set of solutions
of C, i.e., the set of mappings f :N →X, where N is a (compact) n-dimensional oriented man-
ifold such that f ∗C = 0. We call integral action the numerical function I :Sol(C(X)) → R
defined by I (f ) ≡ ∫
N
f ∗θ . If ζ :X → TX is a vector field on X and φt :X → X is the corre-
sponding (local) 1-parameter group of diffeomorphisms of X we put:
I (ft )≡
∫
N
f ∗t θ, ft ≡ φt ◦ f :N →X.
Then, one has (first variational formula):
dI (ft )
dt
∣∣∣∣
t=0
=
∫
N
f ∗(ζdθ)+
∫
N
df ∗(ζθ)=
∫
N
f ∗(ζdθ)+
∫
∂N
f ∗(ζθ).
We call Euler–Lagrange extremal of (X, θ,C) a n-dimensional submanifold map f :N →X that
belongs to Sol(C) and such that f ∗(ζdθ)= 0, for all vector fields ζ ∈ C∞(T X) that satisfy the
following condition:
f ∗Lζγ = 0, ∀γ ∈ C. (♣)
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(X, θ,C) a solution f :N →X that belongs to Sol(C), such that
dI (ft )
dt
∣∣∣∣
t=0
= 0,
for all vector fields ζ ∈ C∞(T X) that satisfy condition (♣). (Condition (♣) means that the vector
fields ζ must preserve the constraint that f remains a solution after the induced flow by ζ .)
Proposition 2.1. If f :N → X is an Euler–Lagrange extremal of the n-variational system
(X, θ,C), it is also an Euler–Lagrange extremal of the n-variational system (X, θ ′,C), where
θ ′ = θ + γ , ∀γ ∈ C∩Ωn(X).
Definition 2.2. A Cartan form of the n-variational problem (X, θ,C) is any differential form
θ ′ ∈ [θ ] ≡ θ+C such that dθ ′ ∈ C. We shall denote such a Cartan form with σ [θ ]. Let {ωa}1am
be a basis of homogeneous degree of the ideal C (which we assume to be graded). Then, we
can write dθ = ωa ∧ θa , where (θ1, . . . , θm) is a set of differential forms on X of homoge-
neous degree. Let E = 〈C; θ1, . . . , θm〉 be the exterior differential system generated by the forms
{C; θ1, . . . , θm}. We call Cartan extremal associated to the n-variational system (X, θ,C), any
submanifold f :N →X, dimN = n, such that f ∗E = 0.
Theorem 2.3. A Cartan extremal is also an Euler–Lagrange extremal.
Proof. Let ζ be a vector field on X. Then, one has:
ζdθ = (ζωa)∧ θa ±ωa ∧ (ζθa).
Let f :N → X be a solution of (X, θ,C), i.e., f ∗C = 0, that is a Cartan extremal too. Then one
has also:
f ∗(ζdθ)= f ∗(ζωa)∧ f ∗(θa)= 0.
But this equation is the condition that f be an Euler–Lagrange extremal. 
As the converse it is not, in general, assured, i.e., an Euler–Lagrange extremal does not neces-
sitate to be a Cartan extremal, we are conduced to the following.
Definition 2.4. We say that a n-variational system (X, θ,C) in DE admits an universal Cartan
form σ [θ ] if the Euler–Lagrange extremals are also Cartan extremals.
Theorem 2.5. Let W be a (m+ n)-dimensional manifold, endowed with a fiber bundle structure
π :W → M , dimM = n. Let L :J kn (W) → R be a Lagrangian function of k-order on W and
Ek ⊆ J kn (W) be a formally and completely integrable PDE of order k, locally given by the
equations FI = 0, 1 I  s, for n-dimensional submanifolds of W . Let θ = Lη ∈ Ωn(J kn (W))
be locally given by θ = Ldx1 ∧ · · · ∧ dxn, where (xα, yj ) is a local coordinate system on W ,
and η is a volume form on M . We call space of Lagrangian densities over J kn (W), the subspace
Ωn,0(J kn (W))⊂Ωn(J kn (W)) of differential n-forms like the above defined θ . Then extremals for
θ are solutions f :N →Ek , of Ek , with N a smooth compact n-dimensional manifold, such that
the following condition is verified:∫ ∑
1jm
[
νj
∑
0|i|k
(−1)|i|∂i
(
∂L
∂y
j
i
)]
dx1 ∧ · · · ∧ dxn = 0, (♠)N
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Ek = J kn (W), then extremals are solutions of the PDE of order 2k for n-dimensional submani-
folds of W (Euler–Lagrange equation), E[θ ] ⊂ J 2kn (W), locally given by the following equations:{ ∑
0|i|k
(−1)|i|∂i
(
∂L
∂y
j
i
)
= 0
}
1jm
.
Proof. Here we consider the particular case of n-variational systems (X, θ,C), with X ≡ Ek ⊆
J kn (W), a PDE for n-dimensional submanifolds of the (m+n)-dimensional manifold W (respec-
tively X ≡Ek ⊆ JDk(W), a PDE for sections of the fiber bundle π :W →M), C = C(Ek)≡ Ck ,
the contact ideal of Ek , associated to the Cartan distribution C(X) ≡ Ekn of Ek , and θ =
Ldx1 ∧ · · · ∧ dxn ∈ Ωn(X). (In this paper we shall denote by Ω•c (Ek) the closed ideal C(Ek)
associated to C(Ek). One has Ω0c (Ek) = 0 and Ωqc (Ek) = Ωq(Ek) if q > n. Furthermore, the
distribution on Ek associated to the contact differential system C(Ek) is just the characteristic
distribution Char(Ek)⊂ T Ek . See also [1,8,9,13–16].) In order to prove the theorem, let us start
with the case where Ek ⊂ JDk(W) ⊂ J kn (W). Then an extremal for θ , constrained by Ek , is an
extremal of the following integral action:
IA[s] =
∫
A
(L ◦Dks)η,
where s is a section of π , solution of Ek , defined in a neighbourhood of the compact domain
A ⊂ M . An extremal of IA on ∂A, is an extremal of the numerical function IA[st ], where st is
any smooth one-parameter family of sections of π :W →M , such that
s0 = s and st |∂A = s|∂A, ∀t.
Then a such extremal of IA is characterized by the condition
d
dt
IA[st ]
∣∣∣∣
t=0
= 0.
If this condition holds for all subset A⊂M , then we say that s is an extremal of the Lagrangian L,
constrained by Ek . Thus, s is an extremal on ∂A, constrained by Ek , iff
0 =
∫
A
〈v dL ◦Dks, νk〉η,
νk = ∂Dkst = d
dt
Dkst
∣∣∣∣
t=0
=Dk(∂st ) :M → (Dks)∗vT Ek.
On the other hand,
(Dks)∗vT Ek ⊆ (Dks)∗vT JDk(W)∼= JD(s∗vTW).
Set
E¯k[s] ≡ (Dks)∗vT Ek ⊆ JDk(s∗vTW).
This is the linearized of the PDE Ek at the section s. So we must have νk = Dkν :M →
E¯k[s], i.e., ν :M → s∗vTW must be any solution of Ek[s]. Let us consider, now, the case
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C∞(T 00 M), given by
P [s](ν)= 〈v dL ◦Dks,Dkν〉.
Let E[s] :C∞(Λ0n(M)→ C∞0 (s∗vT ∗W ⊗Λ0n(M)) be the formal adjoint of P [s]. We have:
P [s](ν)η = 〈E[s](η), ν〉+ dG(ν,η)
= 〈(Dk)+(η⊗ v dL ◦Dks), ν〉+ dG(ν,η)
= 〈(Dk)+(v dθ ◦Dks), ν〉+ dG(ν,η),
where G is the Green function associated to P [s] (see [13,16]). Then, s is an extremal iff the
following equation is satisfied:
0 =
∫
A
〈
ν,E[s](η)〉+
∫
∂A
dG(ν,η).
Assuming fixed the boundary conditions, it follows that ν|∂A = 0 and therefore above equation
is verified iff for all ν ∈ C∞(s∗vTW), suppν ⊂ Å, one has 0 = ∫
A
〈ν,E[s]η〉. Note, also, that the
Euler–Lagrange operator E[s] can be seen as an operator
E[s] :Ωn,0(JDk(W))→ C∞(Λ0nM ⊗ vT ∗W ),
given by the following composition:
Ωn,0
(
JDk(W)
) vd−→Ωn,1(JDk(W))
∼= C∞(π∗k Λ0nM ⊗ vT ∗JDk(W))
∼= C∞(π∗k Λ0nM ⊗ π∗k,0JDk(vT ∗W)) [s]−−−→
(Dk)+
C∞
(
Λ0nM ⊗ vT ∗W
)
,
where the last morphism is given by composition
C∞
(
π∗k Λ0nM ⊗ π∗k,0JDk(vT ∗W)
) (Dks)∗−−−−→ C∞(Λ0nM ⊗ JDk(s∗vT ∗W))
(Dk)+−−−−→ C∞(Λ0nM ⊗ s∗vT ∗W )
s∗−→ C∞(Λ0nM ⊗ vT ∗W ).
(Dk)+ is the formal adjoint of the k-derivative Dk :C∞(vTW) → C∞(JDk(vTW)), that is a
differential operator for sections of fiber bundles over W . Therefore, we get:
(Dk)+ :C∞
(
π∗Λ0nM ⊗ JDk(vT ∗W)
)→ C∞(π∗Λ0nM ⊗ vT ∗W ).
For any section s of π we have the operator
(Dk)+ :C∞
(
Λ0nM ⊗ JDk(s∗vT ∗W)
)→ C∞(Λ0nM ⊗ s∗vT ∗W ),
for sections on M . We denote by E[θ ] = E[L] the image of the Euler–Lagrange operator E[s],
in correspondence of the Lagrangian density θ ∈ Ωn,0(JDk(W)). This identifies, in general,
a (n+ 1)-differential form on JD2k(W), that has the local expression:
E[θ ] = E[θ ]j dyj ≡
∑
(−1)|i|∂i
(
∂L
∂y
j
)
dyj ∧ dx1 ∧ · · · ∧ dxx.0|i|k i
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we see that the extremals corresponding to the Lagrangian density θ are the n-dimensional sub-
manifolds N ≡ D2k(M) ⊂ JD2k(W), such that E[θ ]j |N = 0. This is equivalent to say that the
extremals are solutions of the Euler–Lagrange equation E[θ ]. Furthermore, for constrained vari-
ational systems, where the constraint is represented by a PDE Ek ⊆ JDk(W), {FI = 0}, we must
restrain E[θ ] to the k-prolongation (Ek)+k of Ek . Therefore these extremals are solutions of Ek
such that the condition (♠) is satisfied for any compact domain A ⊂ M and any solution ν of
the linearized equation of Ek at the solution s. (As Ek is formally and completely integrable its
regular solutions coincide with the ones of (Ek)+k .) Note that Euler–Lagrange extremals, i.e.,
solutions of equation 〈ν,E[θ ]〉 = 0, for any ν, solution of E¯k[s], are extremals, but extremals are
not necessarily Euler–Lagrange extremals. These two sets coincide, in general, iff Ek = JDk(W).
Similar considerations can be made for the general case Ek ⊆ J kn (W). Note that the image of the
Euler–Lagrange operator identifies a (n+ 1)-differential form on J 2kn (W), yet denoted by E[θ ],
and having the same local expression given for the case Ek ⊆ JDk(W). 
Proposition 2.2. [12] For Ek = JDk(W), Cartan extremals coincide with Euler–Lagrange ex-
tremals.
Theorem 2.6 (Lagrange multipliers). Let W be a smooth (n + m)-dimensional manifold, en-
dowed with a fiber bundle structure π :W → M , dimM = n. All the extremals of a vari-
ational problem, defined by a Lagrangian function L :J kn (W) → R, or Lagrangian density
θ = Ldx1 ∧ · · · ∧ dxn, constrained by a formally integrable and completely integrable PDE,
Ek ⊆ J kn (W), {FI = 0}, are solutions of the following equations:
(E2k)var:
{ ∑
0|i|k
(−1)|i|∂i
(
∂Lˆ
∂y
j
i
)
= 0;FI = 0
}
⊂ (Ek)+k ≡ (E2k)const ⊂ J 2kn (W),
where Lˆ is the following modified Lagrangian:
Lˆ≡ L− λIF I :J kn (W)→ R, with λI :J kn (W)→ R
suitable functions to determine. Here we shall assume that the canonical mapping πk,0 :Ek →W
is surjective.
Proof. The proof follows directly, taking into account the following short exact sequence:
0 →Ek → J kn (W)
ϕ−→J kn (W)/Ek → 0,
and by considering the Lagrangian density
θˆ ≡ θ − θ˜ ∈Ωn,0(J kn (W)),
where θ˜ ≡ 〈λ,Φ ≡ vT (ϕ)〉 ∈Ωn,0(J kn (W)), for any λ ∈ C∞(F+0 ). Here F+0 ≡Λn((TM)∗)⊗F ∗0
is the formal adjoint of
F0 ≡
⋃
q∈J kn (W)
(F0)q,
(F0)q ≡ vTqJ kn (W)/vTqEk, if q ∈Ek, and
(F0)q ≡ vTqJ kn (W), if q /∈Ek. 
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phism f ∈ HomDE(X,Y ). This definition identifies an equivalence relation R in Ob(DE). Let us
denote D ≡ DE/R the category obtained by means of equivalence classes. (If Y ∈ [X] ∈ Ob(D),
then Sol(X)∼= Sol(Y ).) Let us denote by D• the subcategory of DE, whose objects are PDE’s
Ek ⊆ J kn (W), or Ek ⊆ JDk(W), for some fiber bundle π :W →M , dimW =m+n, dimM = n.
The restriction of the equivalence relation R to such subcategory identifies also an equivalence
relation in D•. Set DR ≡ D•/R. Let us denote by Sol(Ek) the set of regular solutions of Ek .
We say that two objects Ek,E′k′ ∈ Ob(D•) are universally equivalent if E∞ ∼= E′∞. This is an
equivalence relation Ru in D•. Set Du ≡ D•/Ru. Let [E∞]u be an equivalence class in Du.
We call E∞ the universal PDE in the class [E∞]u. (E∞ results an initial object in the cate-
gory [Ek]u, hence the problem of the determination of E∞ is an universal problem.) We define
universal n-variational system one defined on some universal PDE in the category D•. Let us
define u-regular a PDE Ek ⊆ J kn (W), Ek ∈ Ob(D•), such that there exists a formally integrable
and completely integrable PDE E′
k′ ⊆ J k
′
n (W) such that E′k′ ∈ [Ek]u. Let us denote by D•,r the
subcategory of D• whose objects are u-regular PDE’s. The equivalence relation Ru restricted to
D•,r ⊂ D• allows us to identify in each equivalence class [Ek]u a representative in E′k′ that is
also formally integrable and completely integrable such that E′∞ ∼= E∞. Set Du,r ≡ D•,r /Ru.
We can identify each equivalence class [Ek]u,r ∈ Du,r by means of a formally integrable and
completely integrable PDE Ek , such that E∞ ∼=E′∞, for any E′k′ ∈ [Ek]u,r . We call such a PDE
the regular representative of [Ek]u,r ∈ Du,r .
Definition 2.8. Let π :W →M be a fiber bundle, dimW =m+ n, dimM = n. Let Ek ⊆ J kn (W)
be a PDE such that πk+1,k :Ek+1 → Ek is a fiber bundle. We call generalized connection on
Ek ⊆ J kn (W), any homomorphism of vector bundles over Ek+1:  :π∗k+1,kT Ek → π∗k+1,kvT Ek ,
where the vertical tangent space vT Ek is calculated with respect to the fibration πk ≡ π ◦
πk,0 :Ek →M .
Theorem 2.9. Let Ek ⊆ J kn (W), be a PDE, such that Ek is the regular representative of
[Ek]u,r ∈ Ob(D•,r ). Then, one has the following canonical splitting of vector bundles over Ek+1:
π∗k+1,kT Ek ∼= TEk ⊕ (π∗k+1,kT Ek/TEk ) ∼= π∗k+1TM ⊕ π∗k+1,kvT Ek , where TEk ≡
⋃
q∈Ek+1 Lq ,
with Lq ⊂ Tq¯Ek the integral n-plane identified by q ∈ Ek+1, and q¯ ≡ πk+1,k(q) ∈ Ek . In par-
ticular, by restriction to the Cartan distribution of Ek , we get the following canonical splitting:
π∗k+1,kEkn ∼= TEk ⊕ π∗k+1,kgk ∼= π∗k+1TM ⊕ π∗k+1,kgk , where gk the symbol of Ek , that is a vec-
tor bundle over Ek . Then on Ek there exists a canonical generalized connection. Furthermore,
any (k + 1)-connection  :Ek → Ek+1, Bott connection, agrees with the canonical generalized
connection on Ek , i.e., one has the following commutative and exact diagram:
0 TEk π
∗
k+1,kT Ek
a
π∗k+1,kvT Ek 0
0 π∗k TM TEk  vT Ek 0
0 0 0
where a denotes the canonical generalized connection on Ek and  is a splitting induced by that
(k + 1)-connection  :Ek →Ek+1.
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bundle and, for each point q ∈Ek+1, we identify an n-dimensional integral plane Lq ⊂ Tq¯Ek , i.e.
Lq = Tq¯N(k), with [N ]k+1a = q , and N(k) the k-prolongation of the n-dimensional submanifold
N ⊂W . Then one has the following short exact sequence of vector bundles over Ek+1:
0 → TEk → π∗k+1,kT Ek → (π∗k+1,kT Ek)/TEk → 0.
As a consequence it splits. Furthermore, taking into account the fiber bundle structure,
π :W →M , we recognize a canonical fiber bundle structure on Ek too, πk ≡ π ◦πk,0 :Ek →M ,
hence a canonical supplementary space vTq¯Ek ⊂ Tq¯Ek , to Lq , such that vTq¯Ek ∼= Tq¯Ek/Lq .
Therefore, one has the canonical splitting:
π∗k+1,kT Ek ∼= TEk ⊕ π∗k+1,kvT Ek.
Finally by considering the isomorphisms Lq ∼= TaN ∼= TxM , with a ≡ πk+1,0(q) ∈ W , x ≡
πk+1(q) ∈M , we get also the following canonical isomorphism of vector bundles over Ek+1:
TEk
∼= π∗k+1TM.
By restriction to the Cartan connection of Ek , allows us to recognize a canonical supplementary
space to Lq into (Ekn)q¯ , that is just the symbol (gk)q¯ of Ek at q¯ ∈ Ek . In order to prove the last
part of the theorem, let us first consider the case Ek = J kn (W). Any (k + 1)-connection on W , :J kn (W) → J k+1n (W), identifies, for any q¯ ∈ J kn (W), a point q ≡(q¯) ∈ J k+1n (W), hence an
integral n-plane Lq ⊂ Tq¯J kn (W). As a consequence  identifies also a splitting of the following
exact sequence of vector bundles over J kn (W):
0 → vT J kn (W)→ T J kn (W)→ π∗k TM → 0.
In fact, one has the canonical isomorphism
Lq ∼= TaN ∼= TxM,
if a ≡ πk+1,0(q) ∈W, x ≡ πk+1(q) ∈M, q¯ = πk+1,k(q) ∈ J kn (W), q = [N ]k+1a .
Furthermore, taking the pull-back of the top sequence, in the above diagram, with respect to ,
and taking into account the following isomorphisms:
∗Tk ∼= π∗k TM, ∗π∗k+1,kT J kn (W)∼= T J kn (W), ∗πk+1,kvT J kn (W)∼= vT J kn (W),
we get the above diagram is just commutative. We have put Tk ≡ TJkn (W). Now, the general case,
Ek ⊂ J kn (W), follows directly from above results, and taking account that Ek is completely
integrable and formally integrable and that on W there is a fiber bundle structure π :W → M ,
dimM = n. 
Remark 2.10. From the local point of view, i.e., by considering a local (fibered) coordinate
system on W , one has that, for
q ∈Ek+1 and ζ ∈ ζ¯ α∂xα +
∑
0|β|k
ζ
j
β ∂y
β
j ∈ Tq¯Ek, q¯ = πk+1,k(q) ∈Ek,
such that ζ.F I = 0, 1 I  s, one has the splitting ζ = h(ζ )+ p(ζ ), where
h(ζ )= ζ¯ α
(
∂xα +
∑
0|β|k
y
j
αβ(q)∂y
β
j
)
∈ Lq ⊂ Tq¯Ek, and
p(ζ )=
∑ (
ζ
j
β − ζ¯ αyjαβ(q)
)
y
β
j ∈ vTq¯Ek.0|β|k
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j
αβ(q) are identified by the condition that q ∈ Ek+1, i.e., the following equations must be satis-
fied:
FI
(
xα, y
j
αβ(q)
)= 0, 0 |β| k − 1;
FIγ ≡
(
∂xα.F
I
)+ (∂yωj .F I )yjωγ = 0.
In the trivial case Ek = J kn (W), above conditions are absent.
Corollary 2.11. Let W be a (m+ n)-dimensional smooth manifold. Then, one has the following
isomorphisms:
π∗k+1,kΩp
(
J kn (W)
)∼= ⊕
r,s;r+s=p
Ωr,s
(
J kn (W)
)
≡
⊕
r,s;r+s=p
C∞
(
Λr(T ∗k )
)⊗C∞(Λs((T J kn (W)/Tk)∗)),
for any p ∈ N.
Furthermore, assuming that one W there exists a fiber bundle structure π :W → M , one has
also the following canonical isomorphisms:
π∗k+1,kΩp
(
J kn (W)
)∼= ⊕
r,s;r+s=p
Ωr,s
(
J kn (W)
)
≡
⊕
r,s;r+s=p
C∞
(
π∗k+1Λr(T ∗M)
)⊗C∞(π∗k+1,kΛs(vT ∗J kn (W))).
Corollary 2.12. Let Ek be the regular representative of [Ek]u,r ∈ Du,r . Then, to any form α ∈
Ωq(Ek) we can associate the q-form π∗k+1,kα ∈ Ωq(Ek+1). One has the following canonical
decomposition:
π∗k+1,kα = h(α)+ p1(α)+ · · · + pq(α)≡
∑
0iq
pi(α),
where p0(α) = h(α) is the horizontal component of α and pi(α) ∈ Ci+1Ωq(Ek+1) is the
i-contact component of α, i.e., pi(α)(ζ1, . . . , ζq)(q¯) = 0 if at least i of the vectors ζs belong
to the Cartan distribution (Ek+1n )q¯ . More precisely, one has:
pi(α)(ζ1, . . . , ζq)(q¯)
= 1
i!(q − i)!
j1...ji ji+1...jq α
(
p(ζj1), . . . , p(ζji ), h(ζji+1), . . . , h(ζjq )
)
,
for any q¯ ∈ Ek+1, ∀ζs ∈ Tq¯Ek+1, where (πk+1,k)∗(ζs) = h(ζs) + p(ζs) is the splitting in the
horizontal and vertical components, respectively.
Definition 2.13. For any PDE Ek ⊆ J kn (W) we denote the space of constrained generalized
Lagrangian densities on Ek by
Ξn(Ek)≡ Ω
n(Ek)
Ωnc (Ek)⊕ dΩn−1c (Ek)
.
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Let (X′, θ ′,C′) be another n-variational system with X′ ≡ E′
k′ ⊆ J k
′
n (W
′) and C′ = C(E′
k′). We
say that these systems are universally equivalent if the infinity prolongations of the corresponding
Euler–Lagrange equations are equivalent in the category D•:
E[θ ]+∞ ∼=E[θ ′]+∞.
Theorem 2.15. Let Ek ⊆ J kn (W) be the regular representative of [Ek]u,r ∈ Ob(Du,r ). Then,
a differential n-form α ∈ Ωn(Ek) identifies a constrained Lagrangian density on Ek+1 ≡
(Ek)+1 ⊆ J k+1n (W). Furthermore, the constrained n-variational systems (Ek,α,C(Ek)) and
(Ek+1, h(α),C(Ek+1)), are universally equivalent, i.e., the corresponding Euler–Lagrange
equations are universally equivalent, i.e., they have the same infinity prolongations.
Proof. In fact the n-variational systems (Ek,α,C(Ek)) and (Ek+1, h(α),C(Ek+1)) have the
same Euler–Lagrange equation. 
Definition 2.16. Let L ⊂ D•,r be the subcategory of D•,r defined by variational PDE’s, i.e.,
Ek ∈ Ob(L) iff there exists a Lagrangian density θ ∈ Ξn(E¯k¯), with E¯k¯ ⊂ J k¯n (W¯ ), a regular rep-
resentative of some class [E¯k¯]u,r ∈ Du,r , such that one has E∞ ∼= E[θ ]. (Therefore one has
E∞ ∼=E[θ ] ⊂ E¯∞ ⊂ J∞n (W¯ ), hence E∞ can be identified by an Euler–Lagrange equation, con-
strained by E¯∞.)
Definition 2.17. We say that two Lagrangian densities θ ∈ Ξn(E∞), θ ′ ∈ Ξn(E′∞), are equiv-
alent, θ ∼ θ ′, if the corresponding Euler–Lagrange equations E[θ ], E[θ ′], belong to the same
equivalence class in Du,r : E[θ ] ∈ [E[θ ′]]u,r ∈ Du,r .
We say equivalent two Cartan forms σ [θ ] and σ [θ ′] if the following conditions are verified:
(i) σ [θ ] ∈ [θ ] and σ [θ ′] ∈ [θ ′], where θ and θ ′ are equivalent Lagrange densities.
(ii) σ [θ ] and σ [θ ′] are universal Cartan forms.
Theorem 2.18. For two equivalent Cartan forms σ [θ ] and σ [θ ′] their sets of extremals are in
correspondence one-to-one.
Proof. It follows directly from the definitions and the above results. 
3. Variational sequences and bordism groups
Here we introduce a variational sequence associated to constrained variational PDE’s. Such
extended variational sequences allow us to locally and globally solve variational problems, con-
strained by PDE’s Ek ⊆ J kn (W) for submanifolds, by means of cohomological properties of Ek .
Moreover, we relate constrained variational PDE’s to their integral bordism groups in order to
characterize their global solutions. The main results are Theorem 3.3 that represents constrained
variational sequences in universal ones, and Theorem 3.10 that characterizes integral bordism
groups of constrained variational PDE’s, relating these also to the analogous groups of the cor-
responding constraint PDE’s. Applications to some interesting equations are given too.
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this equivalence class we can associate a sequence (constrained variational sequence):
0 →Ξ0(Ek) 
0
k−→Ξ1(Ek) 
1
k−→Ξ2(Ek) 
2
k−→ · · · .
Furthermore, if Ek′ is a prolongation of Ek , then Ek′ ∈ [Ek], and the constrained variational
sequence, (Ξ•(Ek′), •k′), associated to Ek′ is the extension of a sequence, (Ξ˜•(Ek,Ek′), ˜•),
reduced variational sequence, associated to the couple (Ek,Ek′). In other words, one has the
following short exact sequence of complexes:
0 → Ξ˜•(Ek,Ek′)→Ξ•(Ek′)→ Ξˆ•(Ek,Ek′)→ 0.
If Ek has trivial q-cohomology, one has Ξ˜q(Ek,Ek′) ∼= Ξq(Ek). Furthermore, all the re-
duced variational sequences, Ξ˜q(Ek′ ,E∞) are extended by the constrained variational sequence
of E∞, universal constrained variational sequence (of the class [Ek]):
0 →Ξ0[Ek] 
0
k−→Ξ1[Ek] 
1
k−→Ξ2[Ek] 
3
k−→ · · · .
This is a final object in the category of variational sequences of PDE’s in the class [Ek],
that are prolongations of its regular representative Ek . Furthermore, all the constrained vari-
ational sequences associated to the infinity prolongations of PDE’s belonging to the class
[Ek], are isomorphic to the universal one. We define (Ξ˜•[Ek], ˜•k ) ≡ (Ξ˜•(Ek,E∞), ˜•), uni-
versal reduced variational sequence of [Ek]. We will call the mapping nk :Ξn(Ek)→Ξn+1(Ek)
the generalized Euler–Lagrange operator for generalized Lagrangian densities in Ξn(Ek), and
the mapping n+1k :Ξn+1(Ek)→Ξn+2(Ek), the generalized Helmholtz–Sonin mapping. We de-
note by H •var(Ek) the homology of the constrained variational sequence of Ek and we call it the
variational cohomology of Ek . The condition that a (n + 1)-form α, belonging to Ξn+1(Ek),
n+1k -closed, globally represents the generalized Euler–Lagrange form of some generalized La-
grangian θ on Ek , i.e., α = nk (θ), is given by Hn+1var = 0. We call universal variational cohomol-
ogy of [Ek] the homology of Ξ•[Ek].
Proof. Let Ξ•(Ek) be the complex, naturally associated to Ω•(Ek), where
Ξp(Ek)≡ Ω
p(Ek)
Ω
p
c (Ek)⊕ dΩp−1c (Ek)
for p  n, and
Ξp(Ek)≡ C
pΩp+n(Ek)∩ d−1Cp+1Ωp+n+1(Ek)
Cp+1Ωp+n(Ek)⊕ dCpΩp+n−1(Ek) for p > n.
Here CpΩq(Ek) is the subspace of β ∈Ωq(Ek), such that β(ζ1, . . . , ζq)= 0, if at least q−p+1
of the fields ζs belong to Ekn ⊂ T Ek . As k′ > k, we get the following short exact sequence
Ek′ →Ek → 0, that induces the following short exact sequences of complexes:
0 →K•(Ek)→Ξ•(Ek)→Ξ•(Ek′).
We can see that Kp(Ek)= 0, for p  n. Set
Θp(Ek)≡Ωpc (Ek)⊕ dΩp−1c (Ek) for p  n.
Then, if π∗
k′,kα ∈ Ωpc (Ek′) ⊂ Θp(Ek′), then must necessarily be α ∈ Θp(Ek). In fact, if π∗k′,kα
is a contact form, i.e., i∗
k′(π
∗
k′,kα) = 0, where ik′ :N → Ek′ denotes the embedding of the
k′-prolongation N(k′) of any n-dimensional submanifold N ⊂ W , solution of Ek′ , one has also
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Hence, if i∗
k′(π
∗
k′,kα) = 0 one has also i∗k α = 0. Therefore, α is a contact form. Furthermore, if
d(π∗
k′,kα) ∈ dΩp−1c (Ek′)⊂Θp(Ek′), must necessarily be also dα ∈ dΩp−1c (Ek). Therefore, we
conclude that Kp(Ek)= 0, for p  n. 
Theorem 3.2. For the variational cohomology of Ek one has the canonical isomorphism
H •var(Ek)∼=H •(Ek;R).
Proof. Let us consider the sheaves sequence associated to the variational sequence Ξ(Ek), i.e.
the following sequence:
0 → R →Ξ1(Ek)→Ξ2(Ek)→ ·· · →Ξp(Ek)→ ·· · ,
where R ≡ Ek × R denotes the constant sheaf of real numbers over Ek and Ξp(Ek), p > 0,
denotes the sheaf of sections of Ξp(Ek) over Ek . Such a sequence is an acyclic resolution of R
that, for well-known results of sheaves theory [26], has the cohomology of the sequence of global
sections, i.e. the variational cohomology H •var(Ek), coinciding with the de Rham cohomology
H •(Ek,R) of Ek . 
Theorem 3.3. The constrained variational sequence of E∞, infinity prolongation of some PDE
Ek ⊆ J kn (W), is isomorphic to the C-sequence of Ek [8]. In the particular case that Ek is the
regular representative in a class [Ek] ∈ Du,r , then the variational sequence of Ek has a canonical
representation in the C-sequence of Ek . One has Hqvar(J∞n (W)) ∼= Hq(W), and the following
morphisms:
Hq(W ;R)→Hqvar(Ek)∼=Hqvar(Ek+s), s  1.
We say that Ek is wholly variational if Hqvar(Ek) ∼= Hqvar(E∞) ∼= Hq(W), at least for q = n+ 1.
(If Ek is formally integrable and it is also an affine subbundle of J kn (W) → J k−1n (W), over
J k−1n (W), then Ek is wholly variational and H
q
var(Ek)∼=Hq(W ;R).) If Ek is wholly variational
the condition of global universal variationality Hn+1var (E∞) = 0 is equivalent to the condition of
global variationality on Ek , i.e., Hn+1var (Ek)= 0, and to the condition Hn+1(W ;R)= 0.
Proof. In the particular case that k = ∞, i.e., E∞ ⊆ J∞n (W), one has
CΩi(E∞)∼=Ωic(E∞), and Char(E∞)= Char
(
C(E∞)
)= dE∞,
hence C(E∞) = C(E∞). Here dE∞ is the vector space of vector fields belonging to the Car-
tan distribution E∞. Furthermore, CΩi(E∞) ≡ CΩi is the subspace of ω ∈ Ωi(E∞) ≡ Ωi ,
such that ω|N(∞) = 0, for all N ⊂ W , dimN = n, with N(∞) ⊂ E∞. Set Ω¯i ≡ Ω¯i(E∞) ≡
Ωi(E∞)/CΩi(E∞). One has CΩi(E∞) = Ωi(E∞) if i > n, hence Ω¯i = 0 for i > n. One
has the following short exact sequence of complexes:
0 → CΩ• →Ω• → Ω¯• → 0.
We call bar de Rham cohomology of E∞ the corresponding homology H¯ q of the first complex on
the right. Furthermore, we have the following filtration compatible with the exterior differential:
C0Ω0 ≡Ωq ⊃ C1Ωq ⊃ C2Ωq ⊃ . . .⊃ CqΩq ⊃ 0,
where CpΩq(E∞) is the subspace of β ∈ Ωq(E∞), such that β(ζ1, . . . , ζq) = 0, if at least q −
p + 1 of the fields ζs belong to E∞n ⊂ T E∞. One has:
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CpΩq(E∞)=Ωq(E∞) if p  0;
Ωq(E∞)= 0 if q < 0;
CΩ0(E∞)= 0;
CΩq =Ωq if q > n;
Cq−nΩq =Ωq if q > n;
CpΩq ⊃ Cp+1Ωq.
Note also that
d−1Cp+1Ωq+p+1 ≡ {ω ∈ CpΩp+q | dω ∈ Cp+1Ωp+q+1}.
As a consequence, we have associated a spectral sequence {Ep,qr (E∞), dp,qr } on E∞. Of partic-
ular importance are the first two terms of above spectral sequence:
E
p,q
0
∼= C
pΩp+q
Cp+1Ωp+q
and Ep,q1 ∼=
CpΩp+q ∩ d−1Cp+1Ωp+q+1
Cp+1Ωp+q ⊕ dCpΩp+q−1 .
In particular, one has:
E
0,q
0
∼= Ω¯q, d0,q0 = d¯, and E0,q1 ∼=
Ωq ∩ d−1CΩq+1
dΩq−1 ⊕CΩq
∼= H¯ q .
E
p,q
1 = 0 if p > 0, q = n− 1, n.
Then E0,n1 ∼= H¯ n can be identified with the space of all constrained Lagrangian densities on E∞.
Furthermore, the following term in the above spectral sequence d1 :E0,n1 → E1,n1 represents the
Euler–Lagrange operator that associates to a Lagrangian density θ , the corresponding Euler–
Lagrange (n + 1)-form d0,n1 (θ) ≡ E[θ ] ∈ E1,n1 . Note that the space of generalized Lagrangian
densities on Ek is
Ξn(Ek)∼= Ω
n(Ek)
Ωnc (Ek)
.
Furthermore, in the particular case that k = ∞ one has Ξn(E∞)∼= Ω¯n(E∞). (In this case E∞ is
necessarily the universal PDE in [Ek].) Now, let us assume that Ek is formally integrable (hence
E∞ is just the universal PDE in [Ek]). Then the sequences {Ω¯•(E∞), d¯}, {Ξ•(E∞), •∞} and
{E•,n1 , d•,n1 } can be combined together to obtain the following commutative diagram:
0 Ξ0(E∞)
0∞

Ξ1(E∞)

1∞ · · · n−1∞ Ξn(E∞)

n∞
Ξn+1(E∞)
n+1∞

Ξn+2 . . .

0 Ω¯0(E∞)
d¯0
Ω¯1(E∞)
d¯1 · · · d¯n−1 Ω¯n(E∞) E
[]
E
1,n
1
d¯
1,n
1
E
2,n
1 . . .
H¯ n(E∞) ∼ E0,n1
d
0,n
1
The sequence on the middle is called C-sequence of Ek . The sequence on the top is the universal
variational sequence of the class [Ek] ∈ Du,r and the corresponding homology is the universal
variational cohomology of [Ek]. (If E∞ = J∞n (W), then H •var(E∞)=H •(J∞n (W))∼=H •(W).)
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mutative diagram:
0 Ξ0(Ek)
0k
Ξ1(Ek)
1k · · · 
n−1
k
Ξn(Ek)
nk
Ξn+1(Ek)
n+1k
Ξn+2(Ek) . . .
0 Ξ0(E∞)

0∞
Ξ1(E∞)

1∞ · · · n−1∞ Ξn(E∞) 
n∞

Ξn+1(E∞)
n+1∞

Ξn+2(E∞) . . .

0 Ω¯0(E∞)
d¯0
Ω¯1(E∞)
d¯1 · · · d¯n−1 Ω¯n(E∞) E E1,n1
d¯
1,n
1
E
2,n
1 . . .
that gives the representation, universal representation, of the variational sequence of Ek into the
universal one of the class [Ek] ∈ Du,r and in the C-sequence. As Ek+s → Ek+(s−1), s  1, is
an affine subbundle of the affine bundle J k+sn (W)→ J k+(s−1)n (W), hence one has the following
isomorphisms:
H
q
var(Ek+s)∼=Hq
(
J k+sn (W)|Ek+(s−1);R
)∼=Hq(Ek+s−1;R)∼=Hq(Ek;R), s  1.
As a consequence we get Hqvar(E∞) ∼= Hq(Ek;R). In general Hq(W ;R) has a representa-
tion in Hqvar(Ek+s), i.e., one has a morphism Hq(W ;R) → Hqvar(Ek) ∼= Hqvar(Ek+s). If Ek is
wholly variational the condition of global universal variationality Hn+1var (E∞) = 0 is equiva-
lent to the condition of global variationality on Ek , i.e., Hn+1var (Ek) = 0, and to the condition
Hn+1(W ;R)= 0. 
Remark 3.4. If Ek is not formally integrable we cannot more reproduce the above conclusions
on the relations between Ek and E∞, as the mapping E∞ →Ek does not more necessitate to be
surjective, hence we cannot more build the mapping Ξ•(Ek)→Ξ•(E∞). However, we can give
the following definition.
Definition 3.5. We say that a PDE Ek ⊆ J kn (W) is universally regular if there exists a sube-
quation Eˆk ⊆ Ek ⊆ J kn (W) that is formally integrable and completely integrable, such that
(Eˆk)+∞ ∼=E∞ ⊆ J∞n (W).
Example 3.6. The Navier–Stokes equation is not formally integrable but it is universally regular
(see [15,16].)
Proposition 3.1. If Ek is universally regular one has:
Sol(Ek)∼= Sol(Eˆk)∼= Sol(E∞),
i.e., the regular solutions of Ek are all and only the regular solutions of Eˆk . Furthermore, one
has Eˆk ∈ [E∞] ∈ Du,r and Eˆ∞ is the universal PDE of the class [Ek] ∈ Du,r .
Theorem 3.7. Associated to any class [Ek] ∈ Du,r one has the following exact sequence (coho-
mological constrained variational sequence of [Ek]):
· · · →Hmvar
(
Ξ˜•(Ek)
)→Hmvar(Ξ•[Ek])→Hmvar(Ξ•[Ek]/Ξ˜•(Ek)) δ→Hm−1var (Ξ˜•(Ek))
→ ·· · →H 0var
(
Ξ•[Ek]/Ξ˜•(Ek)
)→ 0,
where H •var(−) is the homology group of the variational sequence (−).
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0 → Ξ˜•(Ek)→Ξ•[Ek] →Ξ•[Ek]/Ξ˜•(Ek)→ 0.
This is enough to assure that the connecting linear mappings: Hpvar(Ξ•[Ek]/Ξ˜•(Ek)) δ→
H
p−1
var (Ξ˜
•(Ek)), are defined. Hence one has the exact homological sequence given in the theorem
as a consequence of standard results of homological algebra [20,23]. 
Theorem 3.8. Let (Ξ•, •) be the constrained variational sequence associated to a PDE Ek
representing an equivalence class [Ek] ∈ Du,r . Then, one has the following exact commutative
diagram:
0 0
0 B•var Z•var H •var 0
0 Ω•var Bor•var Cyc•var 0
0 0
where B•var ≡ ker(•), Z•var ≡ im(•). Furthermore, b ∈ [a] ∈ Bor•var iff exists c ∈Ξ• with (c)=
a − b; b ∈ [a] ∈ Cyc•var iff (a − b) = 0; b ∈ [a] ∈ Ω•var iff (a) = (b) = 0 and exists c ∈ Ξ•
such that (c) = a − b. H •var is the variational cohomology group of Ek , i.e., H •var = H •var(Ek).
We call Bor•var the variational cobordism group of Ek , Cyc•var the variational cyclism group of
Ek and Ω•var the closed variational cobordism group of Ek . Furthermore, we call the bottom
horizontal line the variational cobordism (short exact) sequence of Ek . One has the following
isomorphism: Ω•var ∼= H •var. This allows us to interpret the constrained variational cohomology
as singular bordism groups on the constraint PDE.
Proof. The proof follows directly from definitions and above results, taking into account that
(Ξ•, •) is a cochain complex and considering also the extended homological sequence of [Ek]
and the fact that Ωpvar(Ek)∼=Hpvar(Ek). 
Relations between global solutions of variational equations and their constraints are given by
the following theorem.
Theorem 3.9. The relation between the integral bordism group Ω(E∞)varp of a constrained varia-
tional PDE (E∞)var ⊂ (E∞)const ⊂ J∞n (W), and the ones Ω(E∞)constp of the constraint equation
(E∞)const is described by means of the following two short exact sequences: 0 → K¯(E∞)varp →
Ω
(E∞)var
p →Ωp((E∞)const, (E∞)var)→ 0, and 0 → K¯p(E∞)var →Ω(E∞)constp → 0. From these
sequences it results that Ω(E∞)varp is an extension of the integral bordism group Ωp((E∞)const,
(E∞)var) of (E∞)const relatively to (E∞)var.
Proof. The proof is directly obtained considering previous results and definitions on the integral
bordism groups given in [13–17]. 
Theorem 3.10. Let us assume that the constrained variational PDE (E2k)var ⊂ J 2kn (W), and
the constraint equation (Ek)const ⊆ J kn (W), are both formally integrable and completely inte-
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dim(E2k)const  2n+ 1. Then the integral bordism groups for singular solutions of (E2k)var and
((Ek)const)+k coincide. More precisely one has
Ω(E2k)varp
∼=Ω(E2k)constp ∼=
⊕
r,s;r+s=p
Hr(W ;Z2)⊗Z2 Ωs,
where Ωs is the usual s-dimensional bordism group for smooth manifolds.1
Proof. This theorem follows directly by using Theorem 2.16 in part I [17]. 
Corollary 3.11. Under the same hypotheses of above theorem we get that to any (singular)
solution V ⊂ (E2k)const, with ∂V ⊂ (E2k)var, such that ∂V is an admissible (n− 1)-dimensional
integral manifold of (E2k)var, there exists a (singular) solution V ′ ⊂ (E2k)var, such that ∂V ′ =
∂V .
In order to distinguish between integral manifolds V representing singular solutions, where
Σ(V ) has no discontinuities, and integral manifolds where Σ(V ) contains discontinuities, we
shall consider “conservation laws” valued on integral manifolds N representing the integral bor-
dism classes [N ]Ek ∈ΩEkp . Then, one has the following theorem.
Theorem 3.12. [15] Set
I(Ek)
p ≡ Ω
p(Ek)∩ d−1(CΩp+1(Ek))
dΩp−1(Ek)⊕ {CΩp(Ek)∩ d−1(CΩp+1(Ek))} .
Then we define integral characteristic numbers of N , with [N ]Ek ∈ ΩEkp , the numbers i[N ] ≡
〈[N ]Ek , [α]〉, for all [α] ∈ I(Ek)p . Let us consider admissible p-dimensional, p ∈ {0,1, . . . ,
n−1}, integral manifolds that are orientable. Let N1 ∈ [N2]Ek ∈ΩEkp , then there exists a (p+1)-
dimensional admissible integral manifold V ⊂Ek , such that ∂V =N1 ∪˙N2, where V is without
discontinuities iff the integral numbers of N1 and N2 coincide.
Example 3.13 (Smooth and singular variational solutions). Set W ≡ R3, (x, y, z)≡ (xk). Let us
consider the following constrained variational problem. Find the geodesics in W constrained to
belong to the sphere S ≡ {F ≡ (x2 + y2 + z2 −R2 = 0)}, centered in 0 ≡ {0,0,0} ∈ W . This is
a 1-variational system (X, θ,C), where X ≡ JD1(R, S2) ⊂ JD1(R,W), θ ≡ L|X dt , with L the
Lagrangian for geodesics on W , i.e., L ≡√x˙2 + y˙2 + z˙2, and C is the differential ideal of the
Cartan distribution of JD1(R, S). By considering spherical coordinates (ϕ,φ) on S, one has
θ =
√
R2(φ˙2 + ϕ˙2 sin2 φ)dt ∈Ω1(X).
The corresponding Euler–Lagrange equation is that of geodesics on S. Therefore, solutions are
the great circles on S. (Remark that we have not used any Lagrangian multipliers as instead usu-
ally done in the literature for such a problem.) In this case the constrained variational equation
is given by the geodesic equation on S, that is a second order equation (E2)var ⊂ JD2(R, S) ⊂
1 The bording solutions considered here are singular solutions if the symbols are different from zero, and weak-singular
solutions in the general case. For general informations on the bordism groups see, e.g., [7,13,16,19,20,22,23,25].
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second order prolongation is the equation (E2)const = JD2(R, S) ⊂ JD2(R,W). These equa-
tions are formally integrable and completely integrable. Set E ≡ R × S and let us consider the
trivial fiber bundle π¯ :E → R. Taking into account the following canonical isomorphism and
inclusion: JD2(R, S) ∼= JD2(E) ⊂ J 21 (E), we see that we can consider the constraint equation
as follows: (E2)const = JD2(E) ⊂ J 21 (E). Similarly we have (E2)var ⊂ J 21 (E). Taking into ac-
count that dim(E2)const = dimJ 21 (E) = 10 and that dim(E2)var = dimJ 21 (E)− 2 = 10 − 2 = 8,
we conclude that are satisfied the conditions to apply Theorem 3.10. Therefore, we have the
following canonical isomorphisms: Ω(E2)var0 ∼= Ω(E2)const0 ∼= Z2. This means that for two admis-
sible points p,q ∈ (E2)var there are (singular) solutions of (E2)const, and (E2)var, i.e., curves
of S, passing for the points a ≡ π˜2,0(p), b ≡ π˜2,0(q) of S. Here π˜2,0 is the canonical pro-
jection π˜2,0 ≡ pr2 ◦ π¯2,0 :J 21 (W) → E → S. These solutions, projected on S, identify curves
that starting from a and arriving in b, are piecewise arcs of great circles. (Compare with [10],
where are considered nonsingular solutions only, that are on S denumerably many geodesics γr ,
r = 0,1,2, . . . from a to b, i.e, piecewise arcs of the same unique great circle passing from the
two points a, b ∈ S.)
Example 3.14 (Yang–Mills equation). Let M be a globally hyperbolic oriented 4-dimensional
smooth space–time with volume form
η =
√
|det(gαβ)|dx0 ∧ dx1 ∧ dx2 ∧ dx3,
where g = gαβ dxα ⊗ dxβ is the hyperbolic metric. Let us denote Ω•(M;g) ∼= g ⊗ Ω•(M)
the Z-graded vector space of g-valued differential forms on M , where g is a semisimple Lie
algebra. We call Yang–Mills variational system the following 4-variational system: (X, θ,C),
where X ≡ JD(E), π :E ≡ g ⊗ Λ01M → M , with coordinates (xα,Aaα,Aaαβ); C is the Pfaffian
ideal in Ω•(X) generated by the following differential forms: θaα ≡ dAaα−Aaαβ dxβ . Furthermore
θ = 12FaαβFαβa η, where Faαβ = Aaαβ −Aaβα − 12CabcAbαAcβ , Fαβa = Fbγ δgγαgδβgba , with (gba) the
matrix Cartan metric of g. The corresponding Euler–Lagrange equation, (YM) ⊂ JD2(E), is
locally given by the following equations:
Aaαβ =
(
∂xβ.A
a
α
) (Yang–Mills potential),
F aαβ =Aaαβ −Aaβα −
1
2
CabcA
b
αA
c
β (Yang–Mills fields),
2
(
∂xβ.F
αβ
b
)= CabcFαβa Acβ (variational equations).
Furthermore, one has the following Cartan form:
σ [θ ] = θ − 2Fαβa dxβ ∧ θaα .
In fact one has dσ [θ ] = ωαa ∧ θaα ∈ C, where ωαb ≡ 2dFαβb ∧ dxβ −CabcFαβa Acβη. The Cartan ex-
tremals are the integral submanifolds α :R4 →X of the following differential ideal E generated
by {C,ωαa }. Hence they are solutions of the PDE’s (YM). Thus the Cartan extremals coincide
with the Euler–Lagrange extremals. One can prove that (YM) ⊂ JD2(E) is an involutive for-
mally integrable PDE of second order on π :E → M , hence it is also completely integrable
(as it is analytic) (see [12]). Hence, for any initial condition q ∈ (YM), passes an analytic solu-
tion of (YM). Furthermore, for any 3-dimensional space-like (with respect to a relativistic frame
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In fact, it is enough to identify a vector field ζ of symmetry for (YM) that is time-like. Such a
vector field surely exists as in (YM) does not explicitly appear the time-coordinate x0. Hence
ζ = ∂x0 : (YM) → T (YM) is such a vector field transversal to N . Therefore its flow φλ, ∂φ = ζ
locally generates a solution V , starting from N : V =⋃λ φλ(N) ⊂ (YM). Let us, now, consider
the relation between the variational sequence and the constraint equation in this problem, that
results just JD(E) or J 14 (E). So, by referring to Theorem 3.9, we have now to consider the
following sequence:
· · · →Ξ4(J∞4 (E))→Ξ4+1(J∞4 (E))→Ξ4+2(J∞4 (E))→ ·· · .
We get:
H 4+1var ∼=H 4+1(E)∼=H 5(M)= 0.
Therefore, any 5-form α such that [α] ∈ E1,41 (J∞4 (E)) that is d1,41 -closed is globally the Euler–
Lagrange form of some Lagrangian density β on J∞4 (E) such that [β] ∈ E0.41 (J∞4 (E)). Let us
calculate, now, the integral bordism group of (YM) for regular smooth solutions of the equa-
tion (YM) ⊂ J 24 (E). For this let us emphasize also that the total space E is p-connected,
p ∈ {0,1,2,3}. Furthermore, any compact closed smooth p-dimensional manifold can be em-
bedded into E up to bordisms. In fact, dim(E) = 4 + 4m = 4(1 + m)  2p + 1. In fact, for
m = 1 and p = 3 we get 8 > 7. Therefore for m  1 and p  3 above condition is surely veri-
fied. Thus for (YM) we can apply Theorem 3.10. Therefore, if the space–time M is p-connected,
0 p  3, one has the following isomorphisms:
Ω(YM)p
∼=Ω(YM)+sp ∼= Z2, p = 0,2;
Ω(YM)p
∼=Ω(YM)+sp ∼= 0, p = 1,3, s  1.
Note also that the symbols g2 and (g2)+1, of (YM) and its first prolongation (YM)+1 respectively,
are nonzero. Therefore, we can consider in (YM)+1 singular solutions with Thom–Bordman
singularities that are homotopic equivalent to solutions of J 34 (E) ⊆ J 34 (E), and having the
same boundaries contained into (YM)+1. For such solutions V ⊂ (YM)+1 there are not dis-
continuities in the set of their singular points Σ(V ). In other words such solutions are repre-
sented by integral manifolds that are globally smooth submanifolds of (YM)+1. This proves
that the integral bordism groups of (YM) do not come from a homology theory in DE. In fact,
Ωp(J
2+s
4 (W), (YM)+s) = 0 for p = 0,2, even if the inclusion (YM)+s → J 2+s4 (E) is a homo-
topy equivalence for s  1. These results allow us to completely characterize the structure of
global smooth regular solutions of (YM). In particular, we have the following result.
Theorem 3.15. If the space–time M is p-connected, 0  p  3, and for any time-like
3-dimensional smooth integral boundary condition, with zero integral characteristic numbers,
there exist global smooth solutions of (YM).
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